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BPS solution for (F, D3) non-threshold bound state. By using the SL(2,Z) 
symmetry of type IIB string theory, we here construct from (F, D3) a more 
general BPS configuration for a D3 brane with certain units of quantized 
5-form flux and an infinite number of parallel (F, Dl)-strings. We study its 



^ ■ decoupling limit and find that given Maldacena's AdS^/CFT^ correspondence 

S-T 



with respect to simple D3 branes and with the usual string coupling, we should 
have a similar correspondence with respect to this bound state but now with 
an effective string coupling. We discuss possible descendants of this bound 
state by T-dualities along its longitudinal or transverse directions. In partic- 
ular, we present explicit configurations for ((F, Dp), D(p + 2)) bound states 
for 2 < p < 5. All these configurations preserve one half of the spacetime 
supersymmetries. 
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I. INTRODUCTION 



In the previous paper JI|, we showed that for the non-threshold bound state (F, D3) the 
dilaton in general does not remain constant as opposed to a simple D3 brane configuration, 
even though in both cases one half of the spacetime supersymmetries are preserved. However, 
the dilaton was still found to be bounded from below by its asymptotic value and from above 
by its finite horizon value. The effective string coupling, defined as g e g = e^, decreases its 
value when we move from asymptotic region to the horizon region. This is caused by the 
infinite number of F-strings in the bound state. In the so-called decoupling limit, this bound 
state is expected to be described either by fields in the bulk spacetime or by the J\f = 4 U(n) 
SYM theory in 1 + 3 dimensions (with n the 5-form charge associated with the 3-brane in (F, 
D3)). In the bulk, we need to study only the near-horizon region under this limit. We found 
that the near-horizon string metric of (F, D3) is not automatically AdS§ x S 5 but under 
some constant rescalings of the coordinates it becomes AdS$ x S 5 . The resulting metric then 
becomes identical with the near-horizon geometry of an equivalent simple D3 brane with 
5-form charge n with the effective string coupling evaluated at the horizon rather than the 
usual string coupling. Following the symmetry argument of Maldacena p|, we mentioned 
that we must have an AdS^/CFT^ correspondence with respect to this 'effective' vacuum 
configuration of the equivalent simple D3 brane. The gauge coupling for the SYM theory 
becomes related to the effective string coupling rather than the usual string coupling as 

9YM = 27T0eff- 

After the rescalings of the coordinates, the information about the F-strings in the (F, 
D3) in the metric disappeared completely. The only difference between the equivalent simple 
D3 brane with the usual simple D3 brane just mentioned is the string coupling constant. 
So the effect of the F-strings must be encoded into this effective string coupling. Indeed, 
we found that the tension for this equivalent simple D3 brane is nothing but the tension for 
the (F, D3) bound state. This indicates that the 'effective' vacuum mentioned above is just 
the (F, D3) bound state. The vacuum configuration for the SYM theory in that case does 
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not contain the electric flux lines. We also found that the effect of the electric flux lines in 
the worldvolume picture of the (F, D3) bound state gets absorbed into the gauge coupling 
constant g Y M = ^9cs- Therefore, we had a consistent picture both in the bulk and on the 
brane. 

Thus the AdS^/CFT^ correspondence of Maldacena was found to hold true even for this 
non-trivial D3 brane configuration, namely, (F, D3) but with the corresponding effective 
string coupling rather than the usual string coupling. We also observed that the effective 
string coupling is quantized in terms of the integral charges associated with the F-strings 
and the D3 brane in the (F, D3) bound state. In particular, it can be independent of the 
usual string coupling in certain limit. 

In testing Maldacena's AdS^/CFT^ conjecture, most of the current activities are focused 
on relating the perturbative particle-like modes of type IIB supergravity on AdS$ x S 5 with 
the operators of the boundary Af = 4 SYM theory. In [l] , we took a different step in relating 
non-trivial (non-perturbative) (F, D3) configuration in the bulk to the corresponding one in 
SYM on the boundary. Actually, there already exist some efforts in this direction, for 
example, in |B|,[7] certain effects of D-instantons of type IIB theory in the decoupling limit 
have been checked to match with those of the instantons in YM theory on the boundary. 

In this paper, we continue our study for a more general D3 brane configuration, namely, 
the non-threshold ((F, Dl), D3) bound state. We construct this configuration explicitly in 
the following section by using the type IIB SL(2,Z) symmetry and the (F, D3) configuration 
given in 0. In section 3, we study the properties of this ((F, Dl), D3) bound state. In 
section 4, we study the decoupling limit of this bound state. We find that the AdS^/CFT^ 
correspondence holds true in the same spirit as in for this ((F, Dl), D3) bound states 
but once again with the corresponding effective string coupling rather than the usual string 
coupling. In particular, we perform a non-trivial check of this correspondence by showing 
that the gauge coupling and theta angle obtained from the corresponding M = 4 SYM are 
indeed related to the effective string coupling and value of the RR scalar evaluated at the 
horizon, as required by the correspondence. The effective string coupling is also quantized 
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as in [|]] in terms of integral charges associated with the F-strings, D-strings and D3 brane 
in the ((F, Dl), D3) bound state. Interestingly, we find that D-strings in the ((F, Dl), D3) 
tend to increase the effective string coupling while the F-strings tend to decrease it. This is 
also true for the value of the RR scalar evaluated at the horizon. In section 5, we present 
all possible descendants of this ((F, Dl), D3) bound state by T-dualities. We also discuss 
some BPS states which can be obtained by the type IIB SL(2,Z) acting on the descendants 
of the ((F, Dl), D3) in the non-perturbative type IIB string theory. In particular, we find 
non-threshold (Dp, Dp) bound states for 1 < p < 8, where the two Dp's share (p — 1) 
common directions. We also find non-threshold (Dp, Dp, Dp) bound states for 1 < p < 7, 
where the three Dp's share (p— 1) directions; non-threshold (Dp, Dp, Dp, Dp) bound states 
for 1 < p < 6, where the four Dp's share also (p — 1) common directions and so on. This 
can be continued until we reach a seemingly unique non-threshold (Dl, Dl, Dl, Dl, Dl, 
Dl, Dl, Dl, Dl) bound state with the nine Dl's sharing no common direction. All these 
bound states preserve one half of the spacetime supersymmetries. We discuss the possible 
role of these bound states in the M- or U-theory. We also present the explicit configurations 
for the ((F, Dp), D(p + 2)) bound states for 2 < p < 5. Finally, we conclude this paper in 
section 6. 



II. NON-THRESHOLD ((F, Dl), D3) BOUND STATE 

In this section, we will construct the non-threshold ((F, Dl), D3) bound state using 
the type IIB SL(2,Z) symmetry and the (F, D3) solution given in [0. We will follow the 
procedure outlined in |||9|]. We take the initial configuration as (F, D3) solution, with 
vanishing asymptotic values for all non-vanishing fields. This is given by the following 
Einstein metric, 

ds 2 = {H'H) 1/A [H- 1 (-{dx ) 2 + (dx 1 ) 2 ) + H'- 1 ((dx 2 ) 2 + (dx 3 ) 2 ) + dy'dy'} , (2.1) 
with i = 1, • • • , 6; the dilaton, 
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(2.2) 



and the remaining non-vanishing fields, 



= -m A~^ } dH- 1 A dx° A dx\ 
Hi 2) = mn A^ n) H'~ 2 dH A dx 2 A dx\ 

H 5 = n — (*e 5 + e 5 ) . 

i if, 



(2.3) 



In the above, H% and are the NSNS and RR 3-form field strengths, respectively, and 
they form a doublet 



( jfr) \ 



n. 



h. 



(2) 



(2.4) 



V-3 J 

under the classical SL(2,R) symmetry of type IIB string theory. H 5 is the self-dual 5-form 
field strength which is inert under either SL(2,R) or SL(2,Z). if is a Harmonic function 



H= 1 + 



.4 ' 



(2.5) 



with r 2 = y l y % and = A}^ n) ^K Ql/(4:^l 5 ), H' is a second Harmonic function defined 



(m,n) 



as, 



n 2 Q 3 /A 



H' = 1 + 



Also in the above, the A-factor has the form, 



(m,n) 



(2.6) 



A( m , n ) = m 2 + n 2 



(2.7) 



where the asymptotic values of the scalars have been set to zero. Here n is the quantized 
5-form flux or 3-brane charge and m is the quantized NS string charge or the number of 
F-strings through a (27r) 2 a' area of the 2-dimensional plane perpendicular to the strings in 
(F, D3) as discussed in m and n are relatively prime integers. Unless stated otherwise, * 
always denotes the Hodge dual. e n denotes the volume form on an n-sphere and the volume 
of a unit n-sphere is 



27r (n+l)/2 



r((n + l)/2) 

In the above V^k = (27r) 7//2 a /2 and Qq is the unit charge for a Dp-brane defined as, 



(2.8) 



Ql = (2tt) 



(7-2p)/2 Q ,/(3-p)/2_ 



(2.9) 



It is well-known that type IIB supergravity possesses a classical SL(2,R) symmetry [10 



and a discrete subgroup SL(2,Z) of this group is now believed JTT| to survive as a quantum 
symmetry of the non-perturbative type IIB string theory. Under a global SL(2,R) transfor- 
mation A, we have the following transformations for the Einstein metric g^, the 3-form field 
strength doublet 7i, the 5-form field strength H 5 and the scalar matrix Ai parameterizing 
the coset SL(2,R)/SO(2) as 



g^^9^, M^AMA 1 , H — > (A )H, H, 



where the SL(2,R)/SO(2) coset scalar matrix is defined as, 



(2.10) 



M 



e -20 + x 2 



V 



x 



(2.11) 



with 0, the dilaton and \i the axion (or RR scalar) in type IIB supergravity. 

Since there are an infinite number of (F, Dl)-strings in ((F, Dl), D3), as discussed in 
[]J, the corresponding charges for F-strings and D-strings should be calculated according to 
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M' ! * //V - < ij n:, r A He 



(2.12) 



s/2k Jr 2 xs 5 

where i,j = 1,2 and e u is the totally antisymmetric SL(2,R) invariant tensor with e 12 = 1. In 
general, are infinite because of the infinite number of F-strings and D-strings in ((F, Dl), 
D3). As discussed in [111] , the following quantities are nevertheless finite and quantized, 



2„y 



=(0 



V2~k A 2 



(2.13) 



where A 2 = J dx 2 dx 3 is the coordinate area of the x 2 x 3 -plane. The quantities and 



represent charges associated with the F-strings and D-strings or the number of F-strings and 



D-strings through a (2n) 2 a' area over the x 2 x 3 -plane measured in some units. From Eqs. 
( [2.12| ) and (|2.10| ), we find that the charge doublet Q T = (Q^\ Q^) will transform under an 
SL(2,R) transformation as 



Q -> AQ. 



(2.14) 



We will use the above transformations Eqs. (|2.10| ) and Q2.14j ) to obtain the non-threshold 
((F, Dl), D3) configuration from the given initial (F, D3) solution Eqs.(2.1)-(2.7). Since 
the 5-form field strength is inert under the SL(2,R) transformation, we expect that the 
expression for given in Eq. (|2.3| ) remains unchanged. In other words, the integer n 
remains the same. However, the integral NS-string charge m must be changed under the 
SL(2,R) transformation A. In general, it cannot remain as an integer, i.e, quantized. For 
this reason, one either needs to introduce a compensating factor for m by hand || or take 
the initial configuration with an arbitrary classical charge || in place of m such 

that the resulting NS-string and D-string charges can be quantized. The process of charge 
quantization also determines this factor in terms of the quantized NS-string and RR-string 
charges and the asymptotic values of the dilaton and the axion. We will choose the latter 

~ 1 /2 

approach, i.e., we take the integer m as an arbitrary classical charge in the above (F, 

D3) solution. 

As usual, we start with the zero asymptotic values of <fi and Xi l - e --> -Mo = /, with / the 
unit matrix. Here M.q denotes the scalar matrix Ai when the scalars take their asymptotic 
values. We now seek a 2 x 2 SL(2,R) matrix A which maps the zero asymptotic values of 
(j) and x t° 0o an d Xo (which are arbitrary but given) as 



A /A^ = A Ag = Mo 



3 00 



e- 24, ° + xl 



V 



/ 



(2.15) 



Ao 

Xo 1 

The above equation fixes the SL(2,R) matrix A in terms of <po, Xo an d an undetermined 
SO (2) angle a as 



/ 



Ao 



^0/2 



e ^° cos a + Xo srn a 
sin a 



-e ^° sin a 



cos a 



(2.16) 



Imposing charge quantization on Q^> as Q^ l > = p, = q with p, q relatively prime 
integers for our general ((F, Dl), D3) bound state, we have from Eq. fl2.14|) 

( a 1/2 ^ 



p 



Ar 



(p>?) 



(2.17) 



The above equation fixes not only the SL(2,R) matrix Ao completely but also the A( P)IJ )-factor 
in terms of p, q and (fi , Xo as 

( n _g e ~<t>0 _|_ ^ Q (j) _ ^ Q g) g^O 

(p - Xoq) 



A n 



A 1/2 



I 



(2.18) 



and 



A 



(p>?) 



e 00 (p-Xo g) 2 + e"<V 



(2.19) 



which is invariant under an SL(2,Z) transformation. Note that in this process the SO(2) 



angle a gets fixed as e % 



^(p.g) • 



(P- Xoq)e <t>o/2 + iqe-^° 12 
Once we have the SL(2,R) matrix A (Eq. ( |2.18| )), we can obtain a general ((F, Dl), D3) 
configuration by performing the SL(2,R) transformation as given in Eq. (|2.10| ) with A = A 

~ 1 /2 

on the initial (F, D3) configuration given in Eqs.(2.1)-(2.7), with m replaced by A/ ? s. This 
configuration is characterized in terms of the quantized charges p and q associated with the 
F-strings and D-strings, the quantized charge n of the D3 brane, and arbitrary but given 
asymptotic values 0n and xo of the dilaton and the axion x-, respectively. Thus, we have 
the following explicit configuration of the bound state ((F, Dl), D3). The 5-form H 5 remains 
unchanged, as given in Eq. Q2.3| ). The Einstein metric ds 2 and the Harmonic functions H 
and H' all remain the same in forms as before, but the A( mj „)-factor given in Eq. 
which appears in the Harmonic functions, is changed to 



A(p,q, n ) = A(p >9 ) + U 2 , 

= (p-Xoq) 2 e*° +q 2 e-*° +n 2 , 



(2.20) 



which is also invariant under SL(2,Z) as expected since n is inert under SL(2,Z). The dilaton 
is now 



S 



e 4> = e 4>o. 



H" 



C2-21) 



and the axion is 



X = 



Xo H' + (H-H')pqe-^/A M 



H" 



(2.22) 



In the above, we have introduced a third Harmonic function H" as 

rr,, i M (n 2 + g 2 e-^)g 3 /A (M , ra) 



(2.23) 



where Q% = A^^v^coQoA^s). As expected, both the dilaton and the axion approach 
their respective asymptotic values as r — > oo. Finally, the NSNS and RR 3-form field 
strengths are 

if W = - e *o (p _ Xo 5 ) AT^dH- 1 A da; Adx'-qn At\ n) H'- 2 dH A da; 2 A da; 3 , 



H. 



(2) 



Xo (p - Xoq)e' i>0 -qe 



-<t>o 



K^- 1 A dx° A da; 1 



+ pnA^ 1 q n) H'~ 2 dH A da; 2 A da; 3 . 



(2.24) 



In the following section, we will study certain properties of this configuration. 



III. PROPERTIES OF ((F, Dl), D3) BOUND STATE 

By construction, we know that the configuration of ((F, Dl), D3) given in the previous 
section carries one (p, g)-string along the x 1 -axis per (27r) 2 o;' area over the x 2 x 3 -plane. There 
are p F-strings and q D-strings in the (p, g)-string. This non-threshold bound state also 
carries the 5-form charge n. 

We would like to mention that in constructing the SL(2,Z) invariant ((F, Dl), D3) 
bound state solution of type IIB theory, we have chosen the Einstein-frame metric to be 
asymptotically Minskowski. However, since we are here studying strings and Dp branes in 
string theory, it would be natural to choose the string-frame metric to be asymptotically 
Minkowski instead. Moreover, we need to calculate the tension for this bound state and 
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compare it with the corresponding worldvolume result where the string-frame metric is al- 
ways chosen to be asymptotically Minkowski in the context of string theory. Also, usually in 
discussing the so-called decoupling limit, the string-frame metric is chosen to be asymptoti- 
cally Minkowski. For these reasons, we re-express the explicit solution given in the previous 
section in terms of such a choice for the asymptotic metric^]. For this choice the 5-form 
field strength continues to be given by the expression in Eq. ( |2.3|) . The dilaton and the 
axion also remain the same as given by Eqs. Q2.21 ) and Q2.22|) , respectively. The same is 



true for the Harmonic functions H, H' and H" but with the replacements Qs — > e^^Qs, 
n 2 Q 3 /A {p ^ n) -> nV°/ 2 Q 3 /A (?wl ), and (n 2 + q 2 e -^)Q 3 /A (M , n ) -> (n 2 + q 2 )e^ 2 Q 3 / A {p ^ n) 
in the respective Harmonic functions. Here the A( Pi9)n ) is also changed to 

A^n) = (p-Xo qf e+° + (q 2 + n 2 ) e"*», (3.1) 

which is not manifestly SL(2,Z) invariant now. Apart from an overall constant factor e~^l 2 
and the changes in the corresponding Harmonic functions H and H' mentioned above, the 
Einstein-frame metric Eq.(2.1) remains the same in form. The NSNS and RR 3- form field 
strengths are now changed to 

HP = -e* o/2 (p - xo q) A^/^dH- 1 A dx° A dx 1 - e'^q n A^ p ) qn) H'- 2 dH A dx 2 A dx 3 , 

+e-^pnA^ q n) H'- 2 dH A dx 2 A dx 3 , (3.2) 

where A (Pj( , in) is given by Eq. (|3~T|) . 

We can now calculate the mass per unit 3-brane volume for this bound state with the 
new Einstein-frame metric using the generalized formula given in JE]. We therefore find the 
tension for the ((F, Dl), D3) bound state as 



1 Actually there are some rationality behind the choice of the string-frame metric to be asymptot- 
ically Minkowski and relating such a choice to the SL(2,Z) symmetry of type IIB theory. We will 
give a detail account of this along with other things in a separate paper. 
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T 3 / 

T 3 (p, q, n) = -j\l n2 + <i 2 + g 2 (p- XoV) 2 , (3-3) 

which, for xo — 0, agrees precisely with what we obtained from the worldvolume study in 



The expression for tension in (3.3) clearly shows that the spacetime ((F, Dl), D3) bound 
state should be identified with the bound state consisting of D3 branes carrying quantized 
constant electric and magnetic fields given in || based on the worldvolume study. In other 
words, the (p, g)-strings should be identified with the quantized electric and magnetic flux 
lines. The quantized constant electric and magnetic fields are related to each other by the 
SL(2,Z) symmetry in the J\f = 4 SYM theory on the worldvolume. This is directly linked to 
the type IIB SL(2,Z) relating F-strings and D-strings in the (p, g)-string provided we identify 
the gauge coupling and the #-angle in the gauge theory with the string coupling and the 
asymptotic value of the axion as 

2ni 9 i , A . 

— + 7Z = Z + Xo, (3.4) 



9ym 4?r 9 
where g = is the string coupling^. 

IV. THE DECOUPLING LIMIT OF ((F, Dl), D3) BOUND STATE 

Let us now study the decoupling limit for this ((F, Dl), D3) bound state. Under this 
limit, 

T 

9ym = ^ n 9 = fixed, U = — = fixed, a' — > 0, (4.1) 
' a 

we know that the modes propagating on the 3-brane worldvolume decouple from the modes 
propagating in the bulk spacetime. Also since a' — >• is a low-energy limit, the modes 



2 Our convention for the complex gauge coupling follows from the Born-Infeld action which differs 
from the standard one for SU(n) theories by a factor 2. We thank Juan Maldacena for discussion 
on this issue. 
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propagating on the brane are just the massless ones of the open strings. Therefore, D3 
brane is described by the M = 4 SYM theory. It is also described by the fields in the bulk. 
So we have two equivalent descriptions for the D3 brane. 

From the spacetime point of view, the decoupling limit tells us that we need to study 
only the near-horizon geometry. Under this limit, the dilaton, which defines the effective 
string coupling g e g, is given as, 

qtt = e* = e*> 1 + q2 ' n2 (42) 

(l + [g 2 + e 2 ^(p- Xo g)2]/ n 2)i/2' 



and the string-frame metric, in terms of this g e g, is 

U 2 n 2 + q 2 



ds = a 



y/4img c ff n 2 + q 2 + e 2 ^ {p — XoQ) 2 
+ /A U2 (1 + q 2 /n 2 ) ({dx 2 ) 2 + {dx 3 ) 2 ) 
r (dU 2 "~ 



(-{dx ) 2 + {dx 1 ) 2 



(4.3) 



We are looking for an equivalent simple D3-brane description for this ((F, Dl), D3) in the 
decoupling limit. We can achieve this minimally by rescaling x° and x l such that we end 
up with 

U 2 



ds 2 = a' 



1 + q 2 /n 2 ) [-{dx ) 2 + {dx 1 ) 2 + {dx 2 ) 2 + {dx 3 ) 2 ) 



^Aimg cS 



(4.4) 



This metric has the isometries of AdS$ x S 5 but not in the standard form because of the 
factor (1 + q 2 /n 2 ). The metric in (4.4) therefore describes the near-horizon geometry of a 
simple D3 brane with 5-form flux n but with the string coupling given by g e g rather than 
the usual string coupling g = e^ . The extra factor (1 + q 2 /n 2 ) in the above metric indicates 
that unlike the F-strings, the presence of D-strings in D3 brane worldvolume changes the 
entire D3 brane worldvolume metric. This factor does not play an important role in the 
near-horizon metric Eq. ( ^4.4| ) but it does have influence on the asymptotic metric of the 
equivalent simple D3 brane as we will explain below. In the decoupling limit, D-brane 
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picture implies that this equivalent simple D3 brane is also described by the TV = 4 U(n) 
SYM theory in 1 + 3 dimensions with the gauge coupling gy M = 27rg eff and the theta angle 
9 = 47rx c fj with XeS evaluated at the horizon as 



Thus in the same spirit of Maldacena, we should have an AdS^/CFT^ correspondence here 
but with the string coupling g eS and the axion XeS- 

This equivalent simple D3 brane is taken as the "effective" vacuum configuration for this 
correspondence. In analogy with the study of the decoupling limit of the (F, D3) bound 
state in |IJ, we may anticipate that this effective vacuum corresponds to ((F, Dl), D3) bound 
state. In order to provide some evidence for this we notice that once the above coordinate 
rescalings are done, the information about the (F, Dl) bound states in the ((F, Dl), D3) 
disappears in the resulting metric. However, unlike the case for (F, D3) discussed in [|TJ, 
we have the extra factor (1 + q 2 /n 2 ) appearing in the metric and therefore we should be 
careful in identifying g e ^ as the string coupling in the equivalent D3 brane. We discuss in 
the following how to make this identification in an unambiguous manner. 

Note that in order to find a stable BPS configuration of D3 branes (in general p-branes) 
from the corresponding supergravity, we usually insist either the Einstein frame or the string 
frame metric to be asymptotically Minkowski. There actually exists a general choice for the 
asymptotic metric which includes the above two choices. Specifically, we can re-obtain the 
p-brane solutions in |l2j by insisting the Einstein metric qmn to go to e v °r] MN asymptotically 
with Vo an arbitrary but given constant and t)mn the flat Minkowski metric. For example, 
Vo = corresponds to choosing the Einstein metric to be asymptotically Minkowski while 
Vo = — 0o/2 corresponds to choosing the string metric to be asymptotically Minkowski with 
4>q the asymptotic value of the dilaton. Let us specialize for the D3 brane in type IIB theory. 
With this choice of asymptotic Einstein metric, we can repeat the calculation in ]T3[ to have 
the following Einstein metric 



Xeff = (pq + n 2 Xo)/ {n 2 + q 2 ). 



(4.5) 



ds\ = e Vo [H' l / 2 (-{dx ) 2 + ■■■ + (dx 3 ) 2 ) + H^dyW] 



(4.6) 
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where the Harmonic function H is now 

H = l + ^e-™ (4.7) 

and the integer n is the 5-form flux. If we denote the constant dilaton for this solution as 
Co, then the string frame metric is 

ds 2 = e co/2+l/ °[ J ff- 1/2 (-(rfx ) 2 + • • • + (dx 3 ) 2 ) + H^dyW], (4-8) 

As usual, in obtaining this metric we have set the brane a-model coordinates = x M for 
/i = 0, 1,2,3. 

Now let us examine the near-horizon behavior of the above metric in the decoupling 
limit. We have (U = = fixed as a' — > 0) 

U 2 



ds = a' 



-.g a e 2V ° (-(dx ) 2 + ■■■ + (dx 3 ) 2 ) + ^g~ s + dn 



(4.9) 



V Unrigs 

where g s = e c ° is the present string coupling. We note from (4.9) that: 1) The coefficient 
in front of dU 2 /U 2 or dVt\ is always given by ^Aixng s , independent of the constant Vq. 
This provides us a way to read off the string coupling unambiguously from a near-horizon 
geometry of D3 brane. 2) Also, unless Vq = —Cq/2 (i.e., the string metric is asymptotically 
Minkowski), the near-horizon metric of a D3 brane is in general not in the standard form of 
AdS$ x S 5 . Now by comparing Eq. (|4.4j) with ( |4.9|) , we can see that the g e s is indeed the 
string coupling for the equivalent simple D3 brane and the asymptotic string metric for the 
equivalent D3 brane is not Minkowski but 

e Vo VMN = gj /2 (l + q 2 h 2 ) ll2 VMN. (4.10) 

We also note from Eqs.(4.4) and (4.9) that the differences between the equivalent D3 
branes and the usual D3 branes (with string coupling g = and Vq = —<J)q/2) are in the 
string coupling constant and the asymptotic form of the metric. So the effects of these (F, 
Dl) bound states must be encoded in the effective string coupling g eS given in Eq. ( |4.2j ) and 
the factor 1 + q 2 /n 2 . First let us examine the tension for the equivalent D3 brane. Since we 
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have already determined its string coupling as g e s, so the tension for this equivalent simple 
D3 brane is nT 3 /g eff . Now if we use the explicit expression for the g e R, we find 

°- In 2 + q 2 + g 2 {p- xm? (l + q 2 /n 2 ) . (4.11) 



9eS 9 

Comparing it with Eq. (3.3), we find that they differ by a factor (1 + q 2 /n 2 )' 1 . Recall 
that in obtaining (3.3), we calculated the tension against asymptotic D3 worldvolume whose 
metric is asymptotically Minkowski. In other words, the worldvolme is calculated according 
to A4 = J d 4 a. However, the tension in Eq. (|4.11 ) for the equivalent D3 brane is calculated 



with respect to its own asymptotic string metric which is in general not the same as the 
string metric for the original ((F, Dl), D3) configuration. In the present case, the asymptotic 
string metric for the equivalent D3 brane is gl^e v °T]MN with e v ° given by Eq. ( [4.101) . For 



M, N = 0, 1, 2, 3, it gives the worldvolume asymptotic metric. Therefore, the tension in Eq. 
( |4.11| ) is calculated against the worldvolume A' A = g e ^e 2Vo J d 4 a. In order to make a proper 
comparison with the tension (3.3), the present tension should be measured with respect to 
the same worldvolume, i.e., A4 rather than A' 4 . In other words, we expect that 

(4.12) 

9eS A 4 

should be the same as the tension of ((F, Dl), D3) given by Eq. (3.3). This is indeed true 
since A' A /A A = (1 + q 2 /n 2 ). This indicates that the vacuum configuration for the AdS 5 /C 'FT4 
correspondence in this case is the ((F, Dl), D3) bound state. 

On the SYM side, the AdS^/CFT^ correspondence suggested above implies that the 
electric and magnetic flux lines should disappear, too. As claimed, the gauge coupling and 
the theta angle should now be given as g Y M = ^ n 9eS and 6 = 47rx eff , respectively. Showing 
these two relations from the SYM side independently is certainly a non-trivial check of this 
correspondence. We will show below that these two relations are indeed true from the SYM 
side. 

We know from D-brane picture that the dynamics of a single D3 brane (or n coincident 
D3 branes) is described in general, in the low energy limit, by the abelian (or non-abelian 
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U(n)) Born-Infeld action of M = 4 SYM coupled with background fields. In the decoupling 
limit, these background fields are decoupled and therefore the D3 brane (or n coincident D3 
branes) is described purely by the gauge fields with flat Minkowski background. Since the 
non-abelian version of the Born-Infeld action for n coincident D3 branes is not known yetf], 
we limit ourselves here to the abelian Born-Infeld action of a single D3 brane. This turns 
out to be sufficient for confirming the abovementioned relations. 

Our worldvolume study in || and the spacetime study in |jj show that the F-strings and 
D-strings in ((F, Dl), D3) correspond to the quantized constant electric field (2ira r )E = 
g(p — qXo) and the quantized constant magnatic field (2ira')B = q, respectively, in the linear 
approximation^. For a single D3 brane (i.e., n = 1), while the linear approximation can be 
justified for the electric field E by insisting a small string coupling g, this approximation is 
not valid, strictly speaking, for the magnetic field B with a non- vanishing integer q. Even so, 
we obtain the correct tension for the bound state ((F, Dl), D3). The success in obtaining 
the tension for ((F, Dl), D3) even for n ^ 1 seems to indicate that we may take the n 
coincident D3 branes effectively as a single D3 brane with a tension nTg and the constant 
electric field as (2ira')E = g{p — qXo)/ n an d the constant magnetic field as (2ira')B = q/n at 
least for these two constant background fields. If we assume this, the linear approximation 
can always be made by insisting, for example, n >> q,n » p, with small g. We will take 
these effective E and B as our constant background fields where n — 1 is just a special case. 

Let us recall that in 0, we picked a special direction, i.e, the a^-direction, as the direction 
for the quantized constant electric and magnetic fields. By doing so, we break the Lorentz 
SO(l,3) to SO(l,l) x 5*0(2). In order to find the corresponding description of the bulk 
equivalent simple D3 brane, we now need to make a consistent ansatz for the background 



3 A possible form was suggested by Tseylin [14]. 

4 Even though these electric and magnetic fields are good only in the linear approximation, the 
tension obtained in Q is actually exact. This is the property of a BPS state. 
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gauge fields which respects the £70(1,3) symmetry as well as the translational symmetry. 
This can be achieved in the following two ways. We can take a stochastic averaging of a 



constant homogeneous background as in [7|]. Or we can follow |Tj| to take the constant 
homogeneous background as the ground-state expectation value. We here follow the latter 
approach and have 

< >= 0, 

(27ra) <T ilv T >= — 8^ — 2 , (4.13) 

where < • • • > denotes the vacuum expectation value of field operators, 8^° = 8^8° — 8^8° and 
e iiu\a j g t t a Uy antisymetric tensor with e 0123 = 1 (//, u, A, a — 0, 1, 2, 3). In the above, we 
first have < T 2 >= 2a and < >= 46 with a and b the corresponding constant VEV'sQ. 
Then we determine the right side of the above second equation by insisting a = (B 2 —E 2 ) and 
b = EB with E and B the background fields given before. Also, here = (l/2)e M!/ Xa T\ a . 

Since our purpose is to find the effective gauge coupling and the effective theta angle for 
the fluctuations of gauge fields with respect to the above background, so we need to consider 
only the gauge fields in the BI action with the Lagrangian 

C = -^J-det( Vflu + (2-wa')^) + ^(2W) (4.14) 
g » 

where g = and xo are t ne asymptotic string coupling and the asymptotic value of the 
RR scalar, respectively, and T 3 = uTq. 

Now we write J 7 ^ = f^ u + F^ v with f^, the fluctuating field and F^, the background, 
i.e., < f^ v >= and < f,_ lu f Xa >= and expand the above Lagrangian, with respect to the 
background, to quadratic order in f^ u . We end up with a quadratic Lagrangian of f^ v as 

c > = 5 < 80^ > '<-'**■ (415) 

Where, 



5 Non- vanishing < TT > implies the spontaneous breaking of P and CP invariances. 
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< 



d 2 C 



> 



(2W) 2 T 3 



~ (2W) 2 <TT> Xa + (l - 1 (2W) 2 < T 2 > ) C 



+T 3 (2W)V A(T , 



n 



1 



2ng 
1 



<? 2 _£ 2 (P - 5Xo) 5 



2n 2 



2n 2 



A<7 



g(p-gXo) \ 
27t V n z 



(4.16) 



Note that since the background fields in [3] were obtained upto the quadratic order in gauge 
fields, we have evaluated < q^-^ks > m the first expression of Eq.(4.16) upto that order. 
Also note that we have used <JF 2 > + <JF 2 >=0 and 



det (rj^ u + (27ra')J r l 



[IV ) 



l + i(2W) 2 ^ 2 -4(2W) 4 (^) 2 
2 lb 



(4.17) 



It should be pointed out that in obtaining the second expression of Eq.(4.16), we have used 
Eq. fl4.13| ) and T 3 = uTq = n/((2ir) 3 a' 2 ). We therefore find the effective Lagrangian to this 
order to be of the form, 



Cf/n 



i f 1 <f | g 2 (p-qxo) 2 \ j 



2n 2 



2n 2 



1 ( q(p-qXoY 
Xo + 



16tt 



n- 



[iv\<j n r 

(4.18) 



where the overall integer n indicates that we have n copies of the U(l) Lagrangian. We can 
read, from the above action, the gauge coupling and the theta angle, as 

1 1 



9ym 2lJ 9 



1 



(f + g 2 (p-(ixoy 



9 = 4tt xo + 



2n 2 2n 2 
l(p-QXo)\ 



(4.19) 



which, in the linear approximation, agree completely with the predictions of the AdS§ x S 5 
correspondence, i.e., gy M = 2ng c s and 9 = 4:Tcx c s, respectively. We can examine this simply 
by expanding g e g given by Eq. ( |4.2| ) and Xe« given by Eq. ( |4.5[ ) to quadratic order in charge 
p and q as: 

2" 



1 

9eS 



l _ J_ fq\ 2 J_ / g(p- xoi) 

g 2g \nj 2g I n 



(4.20) 



and 

XcfT = XO + o • ( 421 ) 

So we confirm the predictions of the AdS^ x S 5 correspondence between the SYM coupling 
and the effective string coupling and between the theta angle and the value of the RR scalar 
evaluated at the horizon. In analogy with the bulk picture of the F-strings and D-strings in 
the decoupling limit, the effects of the electric and magnetic background fields are absorbed 
into the gauge coupling constant g\ M = 27rg e ff and the theta angle 9 = 4:iiXeS and they 
do not appear in the resulting SYM theory. Therefore, we expect that the superconformal 
symmetry is then restored. Thus we have a consistent picture both in the bulk and on the 
brane. 

Given the AdS^/CFT^ correspondence with respect to the equivalent simple D3 brane, we 
should have an AdS^/CFT^ correspondence with respect to the ((F, Dl), D3) configuration 
with the string coupling g eS and the gauge coupling gy M = 2ng cS . This in turn indicates 
that Maldacena's AdS^/CFT^ correspondence holds true even for this non-trivial D3 brane 
configuration but now with the string coupling g e ff rather than the usual string coupling g. 

As in the case of (F, D3) bound state, the effective string coupling in Eq.(3.6) is again 
quantized but now in terms of integers p, q, n. From Eq. (f4.2|) we find that the F-strings in 
((F, Dl), D3) tend to decrease the coupling while the D-strings tend to increase it. Therefore, 
we may control the string coupling in the near-horizon region by adding or subtracting F- 
strings (or D-strings). 



V. T-DUAL DAUGHTERS OF ((F, Dl), D3) 

Once we have the space-time configuration for the non-threshold ((F, Dl), D3) bound 
state as given in section 2, its descendants can be obtained from this by T-dualities, as 
described in detail in T-dualities can be applied either along the transverse directions 
of the D3 brane in ((F, Dl), D3) or along the longitudinal directions of the D3 brane 
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which includes the direction of the (F, Dl)-strings. Even though these configurations can, 
in principle, be obtained directly from the equations of motion of type IIA or type IIB 
supergravity theory, it would be very difficult to obtain them in practice if we do not have 
these symmetries in hand. There is no doubt that these configurations will play an important 
role in the formulation of the unique M- or U-theory. 

In this section, we will first discuss all possible non-threshold bound states which can be 
obtained from ((F, Dl), D3) by T-dualitiesf], following the table given below: 





Parallel 


Transverse 


Dp 


D( P - 1) 


D(p + 1) 


F 


W 


F 


W 


F 


W 


NS5 


NS5 


KK 


KK 


KK 


NS5 



In this table W, F, NS5 and KK denote waves, fundamental strings, NS fivebranes, and 
KK monopoles, respectively, and they are associated with NSNS fields. Dp (— 1 < p < 8) 
are the so-called D-branes and are associated with the RR fields. 

Then we will present explicit Einstein-frame metric and dilaton for each of the non- 
threshold ((F, Dp), D(p + 2)) bound states for 2 < p < 5 where the well-known (Dp, D(p 
+ 2)) bound states are just special cases. 

Let us begin with the T-dualities along the transverse directions of the D3 brane. We 
denote the coordinates along the D3 brane , and 4, 5, 6, 7, 8, 9 as its transverse 

directions. We also denote (Tj :i— >) as the T-duality along the z-th direction. According to 
the above table, we have 

((F, Dl), D3) (T 4 :.-) ((F, D2), D4) (T 5 :.-) ((F, D3), D5) (T 6 :.-) ((F, D4), D6) 

(T r ((F, D5), D7) (T 8 :.-) ((F, D6), D8). (5.1) 



6 We do not consider any Dp brane resulting from D9 brane. 
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We can T-dualize each of the above ((F, Dp), D(p + 2)) for 1 < p < 6 along the 
longitudinal directions of the original D3 brane, i.e., 1, 2 , 3 directions. We end up with 
different bound states depending on whether we T-dualize along the '1' direction first or 
not. We demonstrate this on ((F, Dl), D3) as examples. The other cases just follow. If we 
T-dualize ((F, Dl), D3) along the '1', i.e., the direction of (F, Dl)-strings, we end up with 
((W, DO), D2). If we T-dualize along the '3', we have ((F, D2), D2). We can now T-dualize 
on ((F, D2), D2) along either '2' or '1'. In the former case, we have ((F, D3), Dl) while for 
the latter we have ((W, Dl), Dl). We can further T-dualize ((F, D3), Dl) along the '1', we 
end up with ((W, D2), DO). 

In general, we have ((W, D(p — 1)), D(p + 1)) if we T-dualize along '1' direction first 
on the ((F, Dp), D(p + 2)) for 1 < p < 6. If we T-dualize first along '3' instead, we have 
((F, D(p + 1)), D(p + 1)). If we T-dualize on ((F, D(p + 1)), D(p + 1)) along either '1' 
or '2', we end up with ((W, Dp), Dp) or ((F, D(p + 2)), Dp), respectively. Further we can 
T-dualize on ((F, D(p + 2)), Dp) along '1', we end up with ((W, D(p + 1)), D(p - 1)). We 
summarize all the bound states obtained this way in the following table where the second 
column indicates the common directions shared by the two D branes in the corresponding 
bound state: 



Bound States 


No. 


Common Dir. 


((W, D(p - 1)), D(p + 1)) 




p — 1 


((W, D(p + 1)), D(p - 1)) 




p — 1 


((W, Dp), Dp) 




p — 1 


((F, D(p + 1)), D(p + 1)) 




p 


((F, D(p + 2)), Dp) 




p 


((F, Dp), D(p + 2)) 




p 



These are all possible non-threshold bound states which can be obtained from ((F, Dl), 
D3) by T-dualities. Among these bound states, the well-known (Dp, D(p +2)) bound states 



for < p < 6 [TIJ appear as special cases when the charges associated with either F-strings 
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or W- waves are set to zero. If we set the charge associated with the W- waves in ((W, Dp), 
Dp) or the F-strings in ((F, D(p + 1)), D(p + 1)) for 1 < p < 6 to zero, we end up with 
non-threshold (Dp, Dp) bound states 1 < p < 7 which appear to be new. As mentioned 
above, the two Dp's share only (p — 1) common directions. For those in the type IIB theory, 
we can apply SL(2,Z) to obtain new bound states. For examples, from ((F, D3), D3), we can 
have (((F, Dl), D3), D3). One can also perform the consistency checks of the AdS^/CFT^ 
correspondence for these two bound states. 

If we T-dualize (((F, Dl), D3), D3) along the common direction of the two D3's only, 
we have (((F, D2), D2), D2). If we now set the charge associated with the F-strings to 
zero, we end up with a non-threshold bound state (D2, D2, D2). The three D2's share 
only one common direction. We can obtain (Dl, Dl, Dl) by T-dualizing along the common 
direction of the three D2's or we can obtain(Dp, Dp, Dp) for 3 < p < 7 by T-dualizing along 
directions transverse to (D2, D2, D2). The three Dp's in (Dp, Dp, Dp) for 1 < p < 7 share 
p — 1 common directions. We can also obtain (((F, D3), D3), D3) by T-dualizing along one 
of directions transverse to (((F,D2), D2), D2). Then we apply SL(2,Z) to (((F, D3), D3), 
D3), we can obtain ((((F, Dl), D3), D3), D3). If we T-dualize this state along the common 
direction of the three D3's only, we obtain ((((F, D2), D2),D2),D2). By setting the charge 
associated the F-strings to zero, we end up with the non-threshold bound state (D2, D2, D2, 
D2). We repeat what we have done for (D2, D2, D2). We can have non-threshold bound 
states (Dp, Dp, Dp, Dp) for 1 < p < 6 where the four Dp's share p — 1 common directions. 
We can continue this process to have bound states (Dp, Dp, Dp, Dp, Dp) for 1 < p < 5 and 
so on. Finally, in this way we can have a seemingly unique bound state (Dl, Dl, Dl, Dl, 
Dl, Dl, Dl, Dl, Dl) where the nine Dl's share no common direction. 

Also, from ((F, D5), D5), we can have (((F, Dl), (NS5, D5)), (NS5, D5)) by S-duality 
of type IIB theory. As we will demonstrate in a bit simpler case of this, i.e., ((F, Dl), (NS5, 
D5)), in [0 that the charges for the D5- and NS5-branes are related to the charges for 
the F-strings and D-strings. This may suggest that the formation of the SL(2,Z) fivebrane 



bound states [j^, |Iq , |lTfl be closely related to that of (F, Dl) bound states or (m, n)-strings. 
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From ((F, D3), D5), we can have (((F, Dl), D3), (NS5, D5)) and so on. 

Once we have these new bound states, we can again apply T-dualities to obtain other 
new bound states, then S-dualities on those in type IIB. We can continue this process to 
obtain all possible non-threshold bound states by S- and T-dualities simply from the original 
(F, Dl)-strings. All these non-threshold bound states preserve one half of the spacetime 
supersymmetries. Even though we are, at this point, unable to count how many of these 
bound states are there, we believe that the total number of these bound states is finite and 
may be related to the number of generators of the largest finite U-duality group [jllj in type 



II theory, i.e., E S (+8)- After all, these bound states are obtained by repeated applications of 
the S- and T-dualities. We speculate here that these bound states will form the multiplets 
of the E 8 (+g) U-duality symmetry in the yet unknown M- or U-theory. We wish to come 
back to provide more evidence for this elsewhere. 

In closing this section we provide, as examples, the explicit Einstein-frame metric and 
the dilaton for each of the ((F, D(p — 2)), Dp) bound states for 3 < p < 7. The metric is 



ds 2 = e ^ 2 (HH')^ 4 H" {p ^ )/8 [H- 1 (-(dx ) 2 + (dx 1 ) 2 ) + H'' 1 ((dx 2 ) 2 + (dx 3 f 

+H"' 1 ((dx 4 ) 2 + ■■■ + (dx p ) 2 ) + dyW] , (5-2) 



with % = 1, • • • , 9 — p; and the dilaton is 

= e^{H'H)- 1 l 2 H" (7 - p),A . (5.3) 

In the above, we have chosen the string-frame metric to be asymptotically Minkowski. The 
Harmonic function H is 

hJ 1 + ^' 3£P ^' (5.4) 
1 - Q 7 lnr, p = 7, 

with Q p = n ^e 3< ^°^ 2 V2K, /[(7 — p)Qs~p\ an d the Harmonic functions H' and H" are 



H' = \(n 2 H + q 2 ) e~*° + (p - X oq) 2 eH A: 1 , 



(p,q,n) 



H „ = q 2 He-^ + (p-x q) 2 H'e^ 
q 2 e -0o _|_ (p - Xoq y e'Po ' 
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Other fields can be obtained from those given in section 3 for the ((F, Dl), D3) configuration, 
following the prescription given in []]]. In the above, the A- factor continues to be given by 
Eq. ( |3.1| ) but now the integer p represents the quantized charge per (27r) p_1 a'^ 1 ^ 2 area over 
the x 2 ■ ■ ■ x p -plane carried by the F-strings, the integer q represents the quantized charge per 
(27r) 2 <y area over the x p_1 x p -plane carried by the D(p — 2) branes, and the integer n is the 
quantized (p + 2)-form charge carried by the Dp brane. The tension for each of these bound 



states can be calculated by generalizing the mass per unit p-brane volume given in |20 
similar fashion as we did in 0. The result is 

n 



m a 



T p (p,q,n) = — ^Jn 2 + q 2 + g 2 {p - Xo<l) 2 , (5.6) 

where the subscript 'p' in T p and the superscript 'p' in Tq should not be confused with the 
integral charge p for the F-strings. 



VI. CONCLUSION 

To conclude, we have constructed in this paper the explicit space-time configuration for 
the non-threshold ((F, Dl), D3) bound state using the type IIB SL(2,Z) symmetry and 
the known (F, D3) configuration. We have shown that the ((F, Dl), D3) bound state is 
identical to the bound state consisting of D3 branes carrying quantized constant electric and 
magnetic fields. The (p, g)-strings are identical to the corresponding electric and magnetic, 
or dyonic, flux lines. This also connects the type IIB SL(2,Z) symmetry in the bulk with the 
SL(2,Z) symmetry in the SYM theory on the brane. We have studied the decoupling limit 
of this bound state. We found that given the AdS^/CFT^ correspondence of Maldacena 
with respect to a simple D3 brane and the usual string coupling, we should have a similar 
correspondence with respect to this bound state but now with an effective string coupling. 
This, in turn, indicates that Maldacena's AdS^/CFT^ correspondence holds true even for 
a non-trivial D3 brane configuration with the corresponding effective string coupling rather 
than the usual string coupling. We also found that D-strings in ((F, Dl), D3) bound state 
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tend to increase the effective string coupling while the F-strings tend to decrease it. This 
property may be used to control the string coupling in the bulk and the SYM coupling on 
the brane in the near-horizon region. 

We have given the list of all possible descendants of this ((F, Dl), D3) bound states by 
T-dualities. Unless there is an obstacle preventing us to perform T-dualities and the type IIB 
SL(2,Z) on these bound states, we have predicted the existence of new non-threshold bound 
states (Dp, Dp) for 1 < p < 8 where the two Dp's share only (p — 1) common dimensions, 
(Dp, Dp, Dp) for 1 < p < 7 with the three Dp's sharing p — 1 common directions, (Dp, Dp. 
Dp, Dp) for 1 < p < 6 with the four Dp's sharing p — 1 common directions and so on. This 
process stops at the seemingly unique bound state (Dl, Dl, Dl, Dl, Dl, Dl, Dl, Dl, Dl) 
with the nine Dl's sharing no common direction. Moreover, we have presented the explicit 
configurations for the ((F, Dp), D(p + 2)) bound states for 2 < p < 5. Using the type 
IIB SL(2,Z) symmetries on those newly obtained bound states, we can construct further 
complicated bound states. Then by T-dualities, we can have even more bound states. We 
can probably exhaust all possible bound states by continuing this process. All these bound 
states are BPS ones, preserving one half of the spacetime supersymmetries. These bound 
states can, in principle, be obtained from the equations of motion without the need to use 
the S- and T-dualities. They are expected to appear in the uncompactified M- or U-theory. 
We have conjectured that the total number of these bound states are finite and these bound 
states will form multiplets of the U-duality group £W+8) hi the yet unknown M- or U-theory. 
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